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Calculations of Viscous Transonic Flow over Airfoils

Z. B. Chen* and P. Bradshawt
Imperial College, London, England

A simple and economic iterative scheme is presented for calculating compressible viscous boundary layers and
wakes over airfoils and for matching the shear-layer calculations to the calculations of the transonic potential
external flows. The iterative scheme is an extension and improvement of the scheme developed by Mahgoub and
Bradshaw for calculating incompressible flow. A new iterative method in the shear-layer calculations has been
designed and applied in the near-wake region. The computing time is only a little greater than in conventional
displacement-surface calculations that ignore normal pressure gradients and consequently incur errors in the
near wake. Some comparisons are made with full Navier-Stokes solutions and experimental data.

Introduction

CONSIDERABLE effort is currently being devoted to the
solution of the full time-averaged Navier-Stokes

equations, with appropriate turbulence model equation(s),
using explicit time-dependent methods,1 implicit factorization
methods,2 etc. However, the computing time is often too
expensive for engineering purposes. It seems certain that
methods involving separate calculations of the laminar and
turbulent shear layers over airfoils and in the wake and of
inviscid flow external to these layers, together with a matching
process that enables the mutual interaction of these flows to
be determined, will continue to have a practical advantage in
both computing time and accuracy for a wide variety of
engineering problems.

In this paper we will present an iterative scheme of this
kind, which can be regarded as an extension and improvement
of a scheme developed for incompressible flow.3

The conventional displacement-surface methods may be
inaccurate on highly curved surfaces or in the wake near the
trailing edge where streamline curvature is extremely high,
since they ignore the normal pressure gradient that may have a
significant effect on the solution.

With the new iterative method for the shear-layer
calculations presented here, the effects of normal pressure
gradient, even where they are relatively large and changing
rapidly in the streamwise direction, can be included by
iterative improvement of a marching calculation rather than
by a fully elliptic calculation. Therefore, the whole iterative
scheme remains simple and the cost of computing time is low.
The pressure, but not the velocity, in the shear layer is stored
from one iteration to the next: this means that only the
pressure is allowed to transmit upstream influence, so that the
method is nominally restricted to attached flow.

Jameson's potential flow calculation method4"6 has been
modified and applied in the present calculation of com-
pressible flows external to the shear layers. It smears shock
waves over at least two mesh widths, so discontinuities need
not be included in the shear-layer calculation.

The compressible boundary-layer calculation method
described in Ref. 7 has been extended to an s, n coordinate
system. A simple compressibility correction has been made to
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the incompressible wake program, in advance of a major
upgrade of the compressible wake calculation.

Several sample calculations are compared with ex-
perimental data and other computational results.

Analysis
Shear-Layer Calculation

The time-averaged Navier-Stokes equations for a com-
pressible gas with viscous and/or turbulent stress o^ — o^ can
be written for two-dimensional transonic flow as
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In the present calculations, we represent axy and the tur-
bulent energy dissipation rate e by Bradshaw's turbulence
model equation.7 Other Reynolds stresses are represented by
empirical multiples of -axy, but the solution procedure could
also be used with other turbulence model equation(s).

The shear-layer calculations are carried out in semi-
curvilinear (s, n) coordinates, the s axis being coincident with
the (curved) surface; the n coordinate lines (constant 5 lines)
are straight and normal to the s axis. For simplicity, however,
the description will be presented in x, y coordinates. The
shear-layer calculation is matched to the outer inviscid
calculation at the nominal edge of the shear layer:
displacement-thickness concepts are not used. After one
marching calculation of the shear layer, the calculated
velocity normal to the matching surface provides the inner
boundary condition for an inviscid flow calculation, which in
turn provides the tangential velocity or pressure as the outer
boundary condition for another shear-layer calculation. So
the boundary conditions for this elliptic system of equations
for the shear layer [Eqs. (1-4) plus the turbulence model] are,
for the boundary-layer case, as follows: at the real surface,
{y=0, V=VW, and at the matching surface, p=pe(x).
Starting from the stagnation point, we use a compressible
version of Thwaites' method to calculate the laminar
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boundary layer8: an empirical criterion is used to predict the
transition position at which we use the method of Ref. 9 to
create the initial profiles of velocity, Reynolds stress, and
temperature for the turbulent flow calculation. For the wake
calculation, the pressure p=pe(x) is specified at both upper
and lower matching surfaces and the initial profiles in wake
coordinates at the trailing edge are provided by interpolating
the results of the boundary-layer calculation at the last two
streamwise steps into a new (s, n) coordinate system aligned
with one edge of the wake.

For the potential flow calculation, the normal velocity is
specified at the matching surface and the conditions at infinity
are the same as in ordinary potential calculations. Some care
has to be taken to represent the Kutta condition. In the
present method, we carry on the wake calculation until, say
x= 1.5c, and impose what is nominally the Kutta condition at
x=l.5c. Between x=c and 1.5c, we use the pressure dif-
ference across the wake, obtained from the wake calculation,
to get the difference of potential A</> across the wake.
Therefore, between x — c and 1.5c, A</> is a function of x, but
after jc=1.5, A</> remains constant, i.e., no pressure dif-
ference, as in ordinary potential calculations. Clearly, the
pressure difference across the wake must be negligible so far
behind the airfoil, and this use of the Kutta condition is both
weak and uncontroversial. At the trailing edge, we now
assume that the (viscous) separation streamline has zero
curvature, but this directly affects only the calculation within
one mesh width from the trailing edge and is quite compatible
with relatively large pressure difference across the wake.

Then, a shear-layer calculation ''sweep" proceeds through
both boundary layers and the wake, taking the pressures at
the matching surfaces as known from the preceding inviscid
calculation. The calculation loop for the shear layer is
executed as follows:

1) On the first sweep, guess p(x,y) for given
pe(x) =p(x,y = d)', in the present program we simply set
p(x,y) =pe(x).

2a) Calculate the laminar boundary layer up to the tran-
sition point, neglecting dp/dy on all sweeps.

2b) Calculate the U and a stresses at the end of one
streamwise step in the turbulent shear layer, with known
dp(x,y) /dx, evaluated fromp(x,y) by central differences in x
in the region where d2 p/dxdy varies significantly with>>.

3) Calculate V at the end of the step from the ordinary
differential equation in y (along the normal characteristic)
that results from substituting Eq. (4) into Eq. (1) when U, p,
and a stresses are known at all y.

4) Calculate p at the end of the step by integrating Eq. (2)
with boundary value(s) of p.

5) With new/?, recalculate Vat the same step as in step 3.
6) Repeat steps 4 and 5 until variations of V are small

enough.
7) Using V and p from steps 4 and 5, recalculate U and a

stresses, i.e., repeat step 2b.
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Fig. 1 Convergence of pressure coefficient at trailing edge: NACA
0012 at A/,* =0.8, a = 0, U^c/v^ = 3.5xl06; NACA 64A010 at
A/oo =0.8, a = 0, U^clv^ =2.0x 106.

8) Repeat steps 2b-7 several times. In the present
calculation, we do this only twice: as explained below,
iteration to convergence is not needed since it is merely an aid
to stability in the early sweeps.

9) With U, V, T, and p now known, calculate T by the
method of Ref. 7 (i.e., assuming a constant turbulent Prandtl
number).

10) Repeat steps 2b-9 for the next shear-layer step, until
x= 1.5c. If necessary, change the matching surface to lie just
outside the edge of the recalculated shear layer.

11) Repeat steps 2-9 with new pressure distributions at the
matching surfaces by recalculation of potential flow.

When d2p/dxdy is small, we can omit steps 5-8 and the
iterative method is the same as in Ref. 3.

Because p varies quite smoothly with y (at least when shock
waves are smeared out by the inviscid flow calculation, we
represent p(xfy) as a fifth-order polynomial of y at each
streamwise station Jt, i.e.,

P ( x i t y ) = a 5 ( x i ) ( y / d ) 5 + a 4 ( x i ) ( y / d ) 4 + a 3 ( x i ) ( y / d ) 3

+ a 2 ( x , ) ( y / d ) 2 + a I ( x i ) ( y / 5 ) + a 0 ( x i ) (5)

Coefficients for this polynomial are obtained by fitting a
polynomial to dp/dy values evaluated directly from Eq. (2) at
five finite difference mesh points: step 4 is simply an analytic
integration of the polynomial dp/dy. Thus, the pressure need
not be stored at each mesh point: we store only the coef-
ficients Oj(Xj) in Eq. (5) as a two-dimensional array 6xM
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Fig. 2 Convergence of wake pressure profiles at x/c = 1.007: NACA
0012, conditions as in Fig. 1.
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Fig. 3 Wake pressure profiles for 1.007 <*/c< 1.099: NACA 0012,
conditions as in Fig. 1.
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Fig. 4 Comparison of experiment,12 present calculations and
Navier-Stokes calculations: pressure distribution for NACA 64A010
at A/a. =0.8, or = 0, ^/cx>c/^oo=2.0xl06.
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Fig. 5 Comparison of experiment and calculation for near-wake
velocity profile: details as in Fig. 4.
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Fig. 6 Comparison of experiment and calculation for near-wake
shear-stress profile: details as in Fig. 4.

where M is the total number of x steps in regions of significant
dp/dy.

In steps 2 and 3, the method of characteristics developed by
Bradshaw et.al.7 is used. In the wake calculations, Brad-
shaw's interactive hypothesis10 is used to treat the wake as two
boundary layers that "time share" in the interactive region.

As mentioned before, when d2p/dxdy is not large, we can
omit steps 5-8 and represent dp/dx by central difference.
Because the pressure at adjacent streamwise stations is
coupled via the inviscid flow calculation, this scheme is
adequately stable, providing the upstream influence due to x-
wise stress gradients is small. Indeed, we found that even
when the upstream influence of *-wise stress gradients is
relatively large, say in the region where the shock waves
appear, this scheme is still stable. But when values of
d2p/dxdy are relatively high, the marching iterative method,
in which the pressure field calculated on the last sweep is used
for dp/dx, may fail. The reason is presumably that, if dp/dx is
changing rapidly with x, dp/dy at given x will depend rather
strongly on the previous history of the shear layer, specifically
the external pressure distribution. Since the external pressure
distribution changes from sweep to sweep, the p ( y ) profile
calculated on, say, the Mh sweep and used for the U, V, r
calculation on the 7V+ 1th sweep may be markedly different,
when TV is small, from the actual p ( y ) profile corresponding
to the current external pressure distribution and the newly
calculated U, V, T. Note that p ( y ) is a special case because
only p ( y ) is stored from one sweep to the next; this
mechanism of instability does not arise for the other
variables.

A possible, but expensive, cure is to use a complete elliptic
iterative method (e.g., Ref. 11). In the present work, we use a
local iterative scheme in the shear-layer calculation,
represented by the repetitions of steps 2b-7, using the new
pressure at each point as soon as it has been calculated. The
describing of dp/dx by forward differences in x can represent
the upstream influence of pressure disturbance more ac-
curately, so as to make the solution of each streamwise step
closer to the real solution with the given boundary conditions
for that sweep. (Since instability due to sweep-to-sweep
changes in pe is a serious possibility only in the early sweeps,
there is no point in repeating steps 2b-7 to convergence.) This
"Gauss-Seidel" strategy implies that dp/dx at a given point is
obtained from the difference of an "old" downstream
pressure and a "new" upstream pressure; however, this
appears to have no ill effects, whether the pressure is in-
creasing or decreasing from one sweep to the next.

As stated before, the shear-layer calculations with given
edge pressure pe (x) yield values of Ve (x) at the matching
surface and the pressure difference across the wake. Then, the
potential flow outside the matching surface can be calculated
again and the process repeated to convergence.

Inviscid Calculation and Matching Iteration
Some modifications have been made to Jameson's method,

including provision of nonzero normal velocity boundary
condition, a different treatment of Kutta condition as
described above, and, a specially designed polynomial func-
tion added to the original coordinate transformation func-
tions to cluster more mesh points near the trailing edge.

The complete calculation process is nearly the same as Ref.
3:

1) Guess the position of the matching surface, guess
Ve ( x ) , and solve for the potential flow outside the matching
surface to getpe (x) on the matching surface.

2) Execute steps 1-9, that is, one sweep of shear-layer
calculation inside the matching surface, and then modify the
position of matching surface according to the thickness of the
shear layers if necessary (not necessary in the late stages of
convergence).

3) Solve the potential flow with new Ve (x) and get new
pe(x). Deduce new values of p(x,y) inside the matching
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surface by assuming that dp/dy remains the same as that
calculated in step 2.

4) Repeat steps 2 and 3 until convergence is achieved.
Some care is needed in the discrete representation of pe and

Ve, because the inviscid and shear-layer solutions depend on
them and their streamwise derivatives. Some smoothing of the
calculated values is advisable, especially near the trailing
edge. For example, in the early stages of convergence
separation may occur near the trailing edge, so some
smoothing of the calculated pressure is needed to make the
shear-layer calculation feasible. This kind of smoothing is not
needed in the later stage of convergence, does not affect the
final solution, and can therefore be applied informally where
needed.

A sweep-to-sweep under-relaxation factor of 0.3 is applied
only to the values of pressure inside the matching surface. No
attempt has yet been made to optimize this relaxation factor,
but for samples we calculated, only 10 or less sweeps are
needed for convergence, starting from the very crude guess
dp/dy = 0 in the shear layers. From Fig. 1, we can see the
convergence of pressure at the trailing edge, which is a most
sensitive indicator of convergence. It converges very quickly,
but nonmonotonically. From Fig. 2, we can see the con-
vergence of the pressure distribution across the wake at the
first calculation station downstream of the trailing edge,
where the values of dp/dy normally are very high and
changing somewhat rapidly as iteration proceeds; however,
they converge very fast and monotonically. These interesting
facts demonstrate the fast convergence characteristics of the
present scheme. If we attempt to reduce the number of
iterative sweeps, Fig. 1 suggests that we may decrease the
relaxation factor and Fig. 2 suggests an increase in relaxation
factor. So no large improvement can be expected unless
different values of the relaxation factor are used in different
regions.

Only a little more computing time, spent in the calculation
of dp/dy and in "housekeeping" operations, is needed than in
the conventional matching method using a displacement
thickness. For one sweep of viscous/inviscid calculations,
consisting of 115 streamwise stations with 25 points across the
shear layer in the calculation of the boundary layers, 30
streamwise stations and about 45 points across the shear layer
in the wake calculation, and 80x20 mesh points in the
potential calculations takes about 230 s on CDC 6500 about
half of which is used in the potential flow calculation.

The maximum amount of core needed is less than 26,000
decimal words, the core being arranged to overlay the
separate programs for the viscous and inviscid calculations.

Results
Sample calculations are shown in Figs. 1-7. Figures 1 and 2

show the convergence of calculations for an NACA 0012
airfoil at M^-0.8, a = 0 deg, Re = 3.5x\Q6(U00c/v) as
discussed before. Figure 3 shows the pressure distribution in
the wake for the same conditions. Near the trailing edge, we
can see that both dp/dy and d/dx(dp/dy) are quite large. The
pressure coefficient at the center of the wake reaches nearly
1.5 times the value of the pressure coefficient at its edge. At
x=\.\c, dp/dy is already negligible.

Figures 4-6 show the results for an NACA 64A010 airfoil
with the same conditions as those in the experiments of Ref.
12, i.e., M-0.80, a = 0 deg, Re = 2x\Q6(U00c/v), and
transition position at x = 0.17c.

Figure 4 shows the pressure distribution over the airfoil
surface. The two sets of data were obtained in the same
conditions but using different measuring techniques, one
using a pressure transducer and the other the laser technique.
The agreement between the present results and the ex-
perimental data or full Navier-Stokes solutions12 is fairly
good. The full Navier-Stokes solutions were obtained by
Deiwert's method.
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Fig. 7 Comparison of experiment13 and present calculation:
pressure distribution for NACA 0012 at M^ =0.775, <x=l deg,

The present results have a slightly lower maximum cp value
and the shock wave position is about 2% of chord further
forward than in the experiment. Some error is probably
caused by the rather small number of mesh points in the
potential calculation. Figure 5 shows the velocity profile in the
wake. The present results are much better than the complete
Navier-Stokes solution, which had too coarse a mesh in the
shear layer, and in good agreement with experimental results.
Figure 6 shows the velocity correlation across the wake. The
trend is similar to the experimental results. The thickness of
the wake is nearly the same as the experimental data, but the
full Navier-Stokes result is nearly two times in error: as is
clear from Ref. 12, the shear-layer mesh was very coarse.
Figure 7 shows the result of an asymmetrical case. This is for
an NACA 0012 airfoil with the same conditions as in Ref. 13,
except the transition position. In the present calculation
xT = OA66c (because of the limit in the maximum size of the
arrays in the shear-layer calculations), but in the experiment
XT = 0.05c. The calculated result shows lower pressure values
on both surfaces, but the discrepancy is not large. It should be
noted that no corrections for blockage and lift interference
were made to the experimental data.

It is noted that there are significant variations of the
pressure in the near-wake region in both the s and n direc-
tions. From this we see that classic boundary theory, in which
the normal pressure gradient is ignored, is questionable or
clearly inaccurate in the near-wake calculation. It is not clear
whether or not higher-order boundary-layer methods, such as
those adopted in the Lock14 and LeBalleur15 transonic
viscous/inviscid interaction calculations, could include the
effect of the normal pressure gradient adequately. However,
in the present method, the accuracy of the shear-layer
calculation including the near-wake calculations should be
comparable to Navier-Stokes solutions; thus, the accuracy of
the viscous transonic flow calculation should be better than
that of other methods based on various boundary-layer
approximations for a given inviscid flow calculation method.

Conclusions
The procedure just described is economical in time and

storage and avoids all of the difficulties of breakdown of the
boundary-layer approximation near the trailing edge or in
other regions of large streamline curvature. It can be applied
in the calculations of transonic or subsonic flow, attached or
with minor recirculation, for engineering purposes.

The accuracy of the present procedure should be as good as
that of full Navier-Stokes solutions using the same mesh and
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turbulence model, but the partitioning of the flow into viscous
and inviscid regions leads to a much more efficient solution
and to convergence in only about 10 major iterations.
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